It has been proposed that equilibrium thermodynamics is described on Legendre submanifolds in contact geometry. It is shown in this paper that Legendre submanifolds embedded in a contact manifold can be expressed as attractors in phase space for a certain class of contact Hamiltonian vector fields. By giving a physical interpretation that points outside a Legendre submanifold can physically represent nonequilibrium states of thermodynamic variables, in addition to that points on Legendre submanifold can represent equilibrium states of the variables, this class of contact Hamiltonian vector fields is physically interpreted as a class of relaxation processes, in which thermodynamic variables achieve an equilibrium state from a nonequilibrium state through a time evolution, a typical nonequilibrium phenomenon. Geometric properties of such vector fields on contact manifolds are characterized after introducing a metric tensor field on a contact manifold. It is also shown that a contact manifold, a strictly convex function, and a real number induce a statistical manifold used in information geometry and applying to a geometrization of equilibrium statistical mechanics. Legendre structure on contact manifolds is explicitly stated throughout.
Introduction
There have been several attempts to geometrically describe equilibrium and nonequilibrium thermodynamics, and the most standard one may be based on contact geometry that is an odd-dimensional counterpart of symplectic geometry. Hermann is one of the first to formulate geometric equilibrium thermodynamics based on contact geometry [1] , and his work has shown that the so-called Legendre submanifolds embedded in a contact manifold are suitable for describing the first law of thermodynamics and Legendre transforms of equilibrium thermodynamics. Although there are some outcomes for equilibrium systems along with this context after Hermann's book, there are still many questions that are needed to be resolved. It should be noted that there are other approaches to geometrically describe equilibrium thermodynamics. These include the work of Weinhold [2] and that of Ruppeiner. They have been followed by a number of papers, and related findings were summarized in [3] . In addition how to geometrically connect an equilibrium distribution function of microscopic variables and equilibrium thermodynamics has been known [4] . This offers the use of information geometry, a geometrization of mathematical statistics [5] , to study equilibrium statistical mechanics and equilibrium thermodynamics.
Mrugala et al [6] suggested a way to combine geometric equilibrium thermodynamics and equilibrium statistical mechanics in which probability distributions play a role. Here and in what follows geometric equilibrium and nonequilibrium thermodynamics are identified with the ones developed with contact geometry, rooted in Hermann's idea. This way would have an advantage when we develop a geometric theory of nonequilibrium statistical mechanics based on equilibrium cases, since a contact manifold, whose dimension is higher than the Legendre submanifold, naturally emerges outside Legendre submanifolds and this higher dimensional manifold may be useful for expressing nonequilibrium states. In Mrugala et al's work, an equation being equivalent to the first law of thermodynamics is used as a constraint for placing equilibrium states in a contact manifold. One observes that a part of their formulation is similar to that of information geometry. In information geometry emphasis is placed on Legendre structure, and therefore it is well matched to equilibrium thermodynamics. We then feel that such a Legendre structure discussed in equilibrium states may be promoted to or survive at some nonequilibrium states. In accordance with Mrugala et al's work, there are some extensions of geometric thermodynamics. These include [7] in which above mentioned Legendre structure and relations between thermodynamics and contact Riemannian manifold, consisting of contact manifold with additional data including a metric tensor field, were elaborated, since it is expected that some suitable metric tensor fields describe some physical quantities in a contact Riemannian manifold.
A class of nonequilibrium thermodynamics may also be described by the use of contact geometry. However, there is little consensus in the literature on how best to give a physical interpretation of points outside Legendre submanifolds. To study a time-dependent nonequilibrium phenomenon one needs to introduce a dynamical system in some phase space. An appropriate dynamical system may be the socalled contact Hamiltonian system and the phase space for this is a contact manifold. The physical interpretation of such dynamical systems varies. For example Jurkowki assumed in his paper [8] that the contact Hamiltonian system with his particular contact Hamiltonian gives deformations of submanifolds of thermodynamic equilibrium states. In [7] , a particular form of contact Hamiltonian was proposed, and their contact Hamiltonian flow is interpreted as a near-equilibrium process by assuming that points outside Legendre submanifolds of a contact manifold represent nonequilibrium states of thermodynamic variables. It should be noted that there are other directions to develop the use of contact Hamiltonian systems. These include [9] .
In this paper we shall adopt the view that points outside Legendre submanifolds of a contact manifold can express a class of nonequilibrium states. Our physical interpretation of points outside Legendre submanifolds are nonequilibrium states of thermodynamic variables, which is the same as that of [7] . In particular we propose a class of contact Hamiltonian systems that can physically be interpreted as a class of relaxation processes. Here a relaxation process is that thermodynamic variables achieve an equilibrium state from a nonequilibrium one through time evolution, one of typical nonequilibrium phenomena. In geometric language, a relaxation process is an integral curve that connects a point outside a Legendre submanifold of a contact manifold and a point of a Legendre submanifold. In general, when a metric tensor field and a connection are introduced on a contact manifold, one can geometrically characterize a dynamical system. We investigate our class of contact Hamiltonian systems from this view point. Throughout this paper, emphasis is placed on Legendre structure inside and outside Legendre submanifolds.
To illustrate some of the issues above this paper is organized as follows. In §2, tools and ideas developed in contact geometry are summarized. These are necessary to state our claims. In addition, physical interpretations of mathematical tools and ideas are postulated, some existing results are also summarized. In §3, a theorem providing a relation between statistical manifold and Legendre submanifold of a contact manifold is given. In §4, explicit forms of contact Hamiltonians for describing relaxation processes are given. In §5, with a metric tensor field various quantities involving the relaxation processes and the so-called quasi-stationary processes are calculated for characterizing the nonequilibrium processes. Finally §6 summarizes our paper and discusses some of future works.
Contact manifold and physical quantities 2.1 Mathematical preliminaries
In this subsection we give a brief summary of contact geometry in order to describe theorems that will be shown in the following sections. Throughout this paper geometric objects are assumed smooth, a set of vector fields on a manifold M is denoted ΓT M, the tangent space at ξ ∈ M as T ξ M, a set of q-forms ΓΛ q M with q ∈ {0, . . . , dim M}, and a set of tensor fields ΓT q ′ q M with q, q ′ ∈ {0, 1, . . .}. To express tensor fields the direct product is denoted ⊗. Einstein notation, when an index variables appear twice in a single term it implies summation of all the values of the index, is adopted. The exterior derivative acting on ΓΛ q M is denoted d : ΓΛ q M → ΓΛ q+1 M, and the interior product operator with X ∈ ΓT M as ı X : ΓΛ q M → ΓΛ q−1 M. Given a map Φ between two manifolds, the pull-back is denoted Φ * , and the push-forward Φ * . Then one can define the Lie derivative acting on tensor fields with respect to
which is referred to as the Cartan formula.
Definition 2.1. (Contact manifold) : Let C be a (2n + 1)-dimensional manifold, and λ a one-form on
at any point on C. If C carries λ, then ( C, λ ) is referred to as a contact manifold and λ a contact form.
Remark 2.1. The (2n + 1)-form λ ∧ dλ ∧ · · · ∧ dλ can be used for a volume form.
There is a known standard local coordinate system. Theorem 2.1. (Darboux coordinates) : There exist local (2n+1) coordinates (x, p, z) with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, in which λ has the form
The (x, p, z) are referred to as the canonical coordinates.
In addition to the above coordinates, ones in which λ has the form λ = dz + p a dx a are also used in the literature. In this paper (1) is used.
Given a contact manifold, there exists a unique vector field that is defined as follows.
Definition 2.2. (Reeb vector field) : Let (C, λ) be a contact manifold, and R a vector field on C. If R satisfies ı R dλ = 0, and
then R ∈ ΓT C is referred to as the Reeb vector field.
Sometimes this vector field is referred to as the characteristic vector field.
Remark 2.2. From the definition of R one has
where L R is the Lie derivative with respect to R. To show (2), one uses the Cartan formula.
As mentioned R is uniquely determined when λ is given, and a coordinate expression for R is given as follows. Theorem 2.2. (Coordinate expression of the Reeb vector field) : Let (C, λ) be a contact manifold, and R the Reeb vector field. If the canonical coordinates (x, p, z) are such that λ = dz ± p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, then
To formulate equilibrium thermodynamics geometrically one needs the following definition.
Definition 2.3. (Legendre submanifold) : Let ( C, λ ) be a contact manifold, A a submanifold of C, and Φ : A → C an embedding. A maximal dimensional integral submanifold such that Φ * λ = 0 is referred to as a Legendre submanifold.
The following theorem states the dimension of a Legendre submanifold for a given contact manifold. Theorem 2.3. (Maximal dimensional integral submanifold) : Let ( C, λ ) be a (2n + 1)-dimensional contact manifold, A a submanifold, and Φ : A → C an embedding. The maximal dimensional integral submanifolds such that Φ * λ = 0 is equal to n.
Remark 2.3. Combining Theorem 2.3 and Definition 2.3, one concludes that the dimension of any Legendre submanifold of a (2n + 1)-dimensional contact manifold is n.
The following theorem shows the explicit expressions of Legendre submanifolds in terms of canonical coordinates.
Theorem 2.4. (Local expression of Legendre submanifold, [10] ) : Let ( C, λ ) be a (2n + 1)-dimensional contact manifold, and (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }. For any partition I ∪ J of the set of indices {1, . . . , n} into two disjoint subsets I and J, and for a function φ(x J , p I ) of n variables p i , i ∈ I, and x j , j ∈ J the (n + 1) equations
define a Legendre submanifold. Conversely, every Legendre submanifold of ( C, λ ) in a neighborhood of any point is defined by these equations for at least one of the 2 n possible choices of the subset I.
Definition 2.4. (Legendre submanifold generated by a function) : If local coordinates of a Legendre submanifold A are expressed as (3), then A is referred to as a Legendre submanifold generated by φ.
The following examples of local expressions for Legendre submanifolds will be used in the following sections.
Example 2.1. Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, and ψ a function of x = x J , (J = {1, . . . , n}) on C. The Legendre submanifold A ψ generated by ψ with Φ CAψ : A ψ → C being an embedding is such that
One can easily verify the relation Φ * CAψ λ = 0. Note that the relation between this ψ and φ of (3) is ψ(x) = φ(x) with J = {1, . . . , n}.
Example 2.2. Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, and ϕ a function of p = p I , (I = {1, . . . , n}) on C. The Legendre submanifold A ϕ generated by ϕ with Φ CAϕ : A ϕ → C being an embedding is such that
One can easily verify the relation Φ * CAϕ λ = 0. Note that the relation between this ϕ and φ of (3) is ϕ(p) = − φ(p) with I = {1, . . . , n}.
One can choose a function ψ in Example 2.1 to generate A ψ and ϕ in Example 2.2 to A ϕ independently, and in this case there is no relation between A ψ and A ϕ in general. On the other hand, when ψ is strictly convex, and ϕ is carefully chosen, it will be shown in the next section that there is a relation between A ψ and A ϕ . To discuss such a case, the following transform should be introduced. The convention is suitably adopted in information geometry. Note that several conventions exist in the literature. Definition 2.5. (Total Legendre transform) : Let M be an n-dimensional manifold, x = {x 1 , . . . , x n } coordinates, and ψ a function of x. Then the total Legendre transform of ψ with respect to x is defined to be
where p = {p 1 , . . . , p n }.
From this definition one has several formulae that will be used in the following sections.
Theorem 2.5. (Formulae involving the total Legendre transform) : Let M be an n-dimensional manifold, x = {x 1 , . . . , x n } coordinates, ψ ∈ ΓΛ 0 M a strictly convex function of x only, and ϕ the function of p obtained by the total Legendre transform of ψ with respect to x where p = {p 1 , . . . , p n } :
Then, for each a and fixed p, the equation
has the unique solution x a * = x a * (p), (a ∈ {1, . . . , n}). In addition it follows that
A way to describe dynamics on a contact manifold is to introduce a continuous diffeomorphism with a parameter. First one defines a diffeomorphism on a contact manifold. Definition 2.6. (Contact diffeomorphism) : Let ( C, λ ) be a (2n + 1)-dimensional contact manifold, and Φ : C → C a diffeomorphism. If it follows that
where f ∈ ΓΛ 0 C is a function that does not vanish on any point of C, then the map Φ is referred to as a contact diffeomorphism.
Remark 2.4. The transformed one-form in Definition 2.6 is also a contact form since
Remark 2.5. It follows that Φ preserves the contact structure, ker λ ⊂ ΓT C, but does not preserve the original contact form.
In addition to this diffeomorphism, one can introduce one-parameter groups as follows.
Definition 2.7. (One-parameter group of continuous contact transformations) : Let ( C, λ ) be a (2n+1)-dimensional contact manifold, and Φ t : C → C a diffeomorphism with t ∈ R that satisfies Φ 0 = Id C and
where Id C is such that Id C ξ = ξ for all ξ ∈ C. If it follows that
where f t ∈ ΓΛ 0 C is a function that does not vanish on any point of C, then the Φ t is referred to as a one-parameter group of continuous contact transformations. If t, s ∈ T with some T ⊂ R then it is referred to as a one-parameter local transformation groups.
A contact vector field is defined as follows. 
where f is non-vanishing function on C, then X is referred to as a contact vector field.
A one-parameter (local) transformation groups is realized by integrating the following vector field.
Definition 2.9. (Contact vector field associated to a contact Hamiltonian) : Let (C, λ) be a contact manifold, h a function on C, and X h a vector field. If X h ∈ ΓT C satisfies ı X h λ = h, and
then X h is referred to as a contact vector field associated to a function h or a contact Hamiltonian vector field. In addition h is referred to as a contact Hamiltonian.
Note that one cannot interpret contact Hamiltonian vector field as classical Hamiltonian vector field on symplectic manifold in general.
The definition (7) and the Cartan formula give L X h λ = (Rh) λ, from which one has the following.
Theorem 2.6. Let (C, λ) be a contact manifold, h a contact Hamiltonian, and X h a contact Hamiltonian vector field. If Rh ∈ ΓΛ 0 C does not vanish at any point on C, then X h is a contact vector field.
Local expressions of a contact Hamiltonian vector field (7) are straightforwardly calculated as follows. where˙denotes the differential with respect to a parameter t ∈ R, or t ∈ T with some T ⊂ R, anḋ
The following theorem is well-known, and has been used in the literature of geometric thermodynamics. 
Physical interpretations of mathematical objects
In this subsection we give our physical quantities and physical interpretations of mathematical objects introduced in the previous subsection.
Since nonequilibrium thermodynamics is discussed in this paper, we need the following definition. We restrict ourselves to a simple case by postulating the following.
Postulate 2.1. (Spatial homogeneity of thermodynamic systems) : Every thermodynamic system is assumed spatially homogeneous even at nonequilibrium states.
Remark 2.6. Throughout this paper spatial coordinates will not be introduced.
The basic notations used below follow the standard thermodynamics.
Definition 2.11. (Thermodynamic variables and physical quantities at equilibrium) : The symbol S denotes entropy, V volume, N k the number of moles for species k, T abs the absolute temperature, P pressure, µ k chemical potential for species k, U internal energy, Ω G the grand canonical potential, and F the Helmholtz free energy. The abbreviations β abs := (k B T abs ) −1 with k B being the Boltzmann constant and ln Z G := −β abs Ω G will be used. The extensive thermodynamic variables are assumed normalized. Here normalized thermodynamic variables are obtained by dividing unnormalized thermodynamic variables by amount of substance. The introduced variables above are referred to as thermodynamic variables or physical quantities. These are defined at equilibrium.
Postulate 2.2. (Thermodynamic variables at nonequilibrium states) :
The thermodynamic variables at equilibrium in Definition 2.11 can be extended to those at some nonequilibrium states.
Remark 2.7. We do not distinguish notationally between thermodynamic variables at equilibrium and those at nonequilibrium states.
The following are often used in the literature. Postulate 2.3. (Thermodynamic variables and canonical coordinates in contact geometry, [12] ) : Let (C, λ) be a (2n + 1)-dimensional contact manifold, and (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }. Then the x and z can physically represent normalized extensive thermodynamic variables, and the p intensive thermodynamic variables such that p a is conjugate to x a for all a ∈ {1, . . . , n}.
Postulate 2.4. (Equilibrium thermodynamical system and Legendre submanifold, [12] ) : A Legendre submanifold of a contact manifold can physically represent an equilibrium thermodynamical system. Definition 2.12. (Gibbs one-form and thermodynamic phase space) : Let (C, λ) be a contact manifold. When λ is written in terms of physical quantities, λ is referred to as the Gibbs one-form, and the contact manifold (C, λ) a thermodynamic phase space.
Remark 2.8. Thermodynamic phase space includes equilibrium thermodynamical systems.
The following examples of the Gibbs one-form are well-known.
Then the Gibbs one-form λ U in terms of the introduced variables is
where all the variables in the right hand side are assumed independent. The first law holds where λ U vanishes.
Then the Gibbs one-form λ S in terms of the introduced variables is
where all the variables in the right hand side are assumed independent. The first law holds where λ S vanishes.
So far we have given some standard interpretations. On the other hand, the following postulates may not be common in the literature. Remark 2.9. Consider a classical Hamiltonian system with many degrees of freedom. Then the canonical equations of motion describe its dynamics in a 2N -dimensional phase space with N being assumed a large number, and N is not directly related to the dimension of a contact manifold in general. To specify the most general nonequilibrium state of this Hamiltonian system, one needs the 2N -dimensional phase space. Thus, when a nonequilibrium phenomenon is well-described by a lower dimensional contact manifold with Postulate 2.5, such a nonequilibrium state is not far from equilibrium.
The following are essential in this paper.
Postulate 2.6. (Time and a parameter of an integral curve) : Let (C, λ) be a contact manifold, h a contact Hamiltonian, X h the contact Hamiltonian vector field. The parameter t in (8) can physically represent time.
Definition 2.13. (Relaxation process and attractor) : Let (C, λ) be a contact manifold, A a Legendre submanifold, X a vector field on C, t ∈ R or t ∈ T with some T ⊂ R parameterize an integral curve for X, and ξ t be a parameterized point of the integral curve for X. If ξ 0 ∈ C \ A and lim t→∞ ξ t ∈ A, then the integral curve is referred to as a relaxation process, and A an attractor.
Remark 2.10. A relaxation process connects a nonequilibrium state and an equilibrium state. Geometrically an integral curve for a contact Hamiltonian vector field connects a point of C \ A and that of A.
Postulate 2.7. (Quasi-static process and tangent vector of a Legendre submanifold) : An integral curve of a tangent vector field of a Legendre submanifold can physically represent a quasi-static process.
Remark 2.11. In the standard thermodynamics, the speed of the change of equilibrium states is assumed very slow. However, we do not impose this. Any physical interpretation of a contact Hamiltonian is not given here. Such an interpretation may depend on a given contact Hamiltonian.
Statistical manifolds constructed from Legendre submanifolds
Statistical manifold is a type of Riemannian manifold with some additional data and has been invented in information geometry [5] . It can be used to construct a geometric equilibrium statistical mechanics [6, 4] .
In this section it is shown how a statistical manifold is constructed from a Legendre submanifold of a contact manifold.
First a relation between Legendre submanifolds and the total Legendre transform of a strictly convex function is stated as follows.
Lemma 3.1. (The Legendre submanifold generated by ψ(x) induces the one generated by L[ψ](p)) : Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, ϕ the function of p obtained by the total Legendre transform of ψ with respect to x, A ψ the Legendre submanifold generated by ψ, and A ϕ the Legendre submanifold generated by ϕ. Then Φ CAψ A ψ induces Φ CAϕ A ϕ , where Φ CAψ : A ψ → C and Φ CAϕ : A ϕ → C are embeddings.
Proof. Let I and J be such that J = I = {1, . . . , n}. At a point ξ expressed as (
j is satisfied due to (4). It follows for fixed p from Theorem 2.5 that there exists the unique solution x j * = x j * (p) to this equation, that x j * = ∂ϕ/∂p j , and that z(x * ) = ψ(x * ) = x j * p j −ϕ(p). Then, for fixed p, one can write the point ξ ∈ C in terms of ( {x
So far p is fixed. One then can repeat the above argument for various p, and can complete the proof.
Given Legendre submanifolds A ψ generated by ψ, and A ϕ generated by ϕ being the total Legendre transform of ψ, one can construct a diffeomorphism between them as follows.
a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, ϕ ∈ ΓΛ 0 C the function of p obtained by the total Legendre transform of ψ with respect to x, A ψ and A ϕ Legendre submanifolds generated by ψ and ϕ, respectively, and
Proof. With (4) and (5), one can write
, where
where det(S) = 0 due to ϕ being a strictly convex function. With
, and
is isomorphic. Applying the inverse function theorem with this map T
In addition, since Φ CAψ and Φ CAϕ are one-to-one due to A ψ and A ϕ being submanifolds,
Remark 3.1. The idea of the above proof is based on [7] . Theorem 3.1. (Contact manifold and a strictly convex function induce a Riemannian manifold on a Legendre submanifold) : Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, ϕ ∈ ΓΛ 0 C a strictly convex function of p only, A ψ and A ϕ the Legendre submanifolds generated by ψ and ϕ, respectively. Define
and
Proof. It follows from ψ and ϕ being strictly convex functions that det(∂ 2 ψ/∂x a ∂x b ) = 0, and
If ϕ in Theorem 3.1 is obtained by the total Legendre transform of ψ with respect to x, then it will be shown in the following that the inverse matrix of {g Aψ ab } is concisely written in terms of the derivatives of ϕ. Lemma 3.3. Let (C, λ) be a contact manifold, (x, p, z) be the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, ϕ ∈ ΓΛ 0 C the function of p obtained by the total Legendre transform of ψ with respect to x, A ψ and A ϕ the Legendre submanifolds generated by ψ and ϕ, respectively, and Φ CAψ : A ψ → C and Φ CAϕ : A ϕ → C embeddings ( See the diagrams below ). Define {g C ab }, and {g C ab } to be
Then around a point where
Proof. It follows from (4), and (5) that
Remark 3.2. This lemma states that the pull-back of {g C ab } ∈ ΓΛ 0 C and that of {g C ab } ∈ ΓΛ 0 C can be used metric components on a Legendre submanifold of C.
To say a relation between a Legendre submanifold of a contact manifold and a statistical manifold, one needs the following definition. , (α ∈ R) the α-connection that is a type of torsion-free one-parameter connection,
where ζ is a set of random variables, and P θ (ζ) is a probability distribution parametrized by θ := {θ 1 , . . . , θ n }. Then (S, g S , ∇ (α) ) is referred to as an n-dimensional statistical manifold.
In information geometry a statistical manifold is often constructed from a given strictly convex function. In this paper we define the following. Definition 3.2. (Statistical manifold constructed from a strictly convex function) : Let S be an ndimensional manifold, θ = {θ a }, (a ∈ {1, . . . , n}) natural coordinates of S, and ψ S a strictly convex function of θ. Define
where {g S ab } is the inverse matrix of {g Remark 3.3. The pair (S, g S ) that can be considered in Definition 3.2 by taking no notice of α becomes an n-dimensional Riemannian manifold since det(∂ 2 ψ S /∂θ a ∂θ b ) = 0 due to ψ S being strictly convex.
Example 3.1. (Exponential family, [5] ) : Let S be an n-dimensional statistical model. Consider the exponential family where a probability distribution function parameterized by θ = {θ a }, (a ∈ {1, . . . , n}), and is of the form
where C and {F a } are functions of ζ, ψ S is referred to as the cumulant generating function that is to normalize P θ . The explicit form of ψ S (θ) is obtained as
which is convex. With this particular ψ S (θ), the triplet (S, ψ S , α) becomes an n-dimensional statistical manifold constructed from ψ S . It is worth noting the explicit form of ϕ S . It follows that
with f = f (ζ, θ) being an arbitrary function.
Example 3.2. (Grand canonical distribution) : Let S be a two-dimensional statistical model. Consider the grand canonical distribution where a probability distribution function parameterized by θ 1 = −1/(k B T abs ) = −β abs , θ 2 = µ 1 /(k B T abs ) = µ 1 β abs , and is of the form
where
is a Hamiltonian at a micro-state ζ, F 2 (ζ) = N (ζ) the number of the particles at ζ, and ψ S (θ) = ln Z G (T abs , µ 1 ) with Z G being the so-called grand partition function to normalize P θ . Since this distribution function belongs to the exponential family, the triplet (S, ψ S , α) becomes a statistical manifold constructed from ψ S . It is worth noting the explicit forms of ψ S and ϕ S . It follows that
is the grand canonical potential that reduces to F called the Helmholtz free energy when µ 1 = 0. With ψ S , one obtains
with f = f (ζ, θ) being arbitrary function. The total Legendre transform of ψ S with respect to θ is expressed as
where T abs * = −1/(k B θ 1 * ) and µ 1 * = k B T abs * θ 2 * with θ 1 * = θ 1 * (η) and θ 2 * = θ 2 * (η) being the solutions to
respectively, and the relation Ω G = H N − µ 1 N − T abs S, known in equilibrium thermodynamics, has been used.
A (2n + 1)-dimensional contact manifold (C, λ) and a strictly convex function ψ ∈ ΓΛ 0 C induce an n-dimensional statistical manifold constructed from a strictly convex function. More precisely one has the following theorem. Theorem 3.2. (Contact manifold, a function, and a real number induce a statistical manifold) : Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, and α a real number. Then the set ((C, λ), ψ, α) induces an n-dimensional statistical manifold constructed from a strictly convex function (S, ψ S , α).
Proof. Let ϕ ∈ ΓΛ 0 C be the function of p obtained by the total Legendre transform of ψ with respect to x, A ψ and A ϕ the Legendre submanifolds generated by ψ and ϕ, respectively, Φ CAψ : A ψ → C and Φ CAϕ : A ϕ → C their embeddings, and Φ ϕψ : A ψ → A ϕ the map defined in Lemma 3.2. Choose
where g C ab and g C ab have been defined in (9) . The chosen matrices {g S ab } and {g S ab } are inverse each other due to Lemma 3.3. In addition {Γ
S (α)
abc } exists since ψ is assumed smooth.
Remark 3.4. From this theorem and Remark 3.3, one observes that ( (C, λ), ψ ) induces a Riemannian manifold (S, g S ).
Remark 3.5. One can easily show that the set ((C, λ), ϕ, α) induces a statistical manifold constructed from a strictly convex function in the almost same way as the proof of Theorem 3.2, where ϕ is a strictly convex function of p only.
It is interesting to seek a prescription that gives a (2n + 1)-dimensional contact manifold (C, λ) from a given n-dimensional statistical manifold constructed from a strictly convex function (S, ψ S , α). To our knowledge such a prescription has not been known. Consider Example 3.2. If such a prescription is found, then − k B ϕ ∈ ΓΛ 0 C may be an extended entropy in nonequilibrium thermodynamics, where ϕ is obtained by the total Legendre transform of a function ψ ∈ ΓΛ 0 C being constructed from ψ S ∈ ΓΛ 0 S.
Legendre submanifolds as attractors in contact manifold
Of particular interest for this paper is contact Hamiltonian vector fields whose integral curves are relaxation processes in a contact manifold. Roughly speaking the following theorem states that there is a class of contact Hamiltonians such that the Legendre submanifold generated by a prescribed function becomes an attractor of the contact Hamiltonian vector field.
Theorem 4.1. (Relaxation process in terms of contact Hamiltonian vector field 1) : Let (C, λ) be a contact manifold, J the index set J = {1, . . . , n}, (x J , p J , z) the canonical coordinates such that λ = dz − p a dx a with x J = {x 1 , . . . , x n } and p J = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a function of x J only, and A ψ the Legendre submanifold generated by ψ.
Then integral curves of the contact vector field associated to h ψ on D ψ connect points of D ψ and those of A ψ . Thus the integral curves can be relaxation processes (See Definition 2.13).
Proof. The contact Hamiltonian vector field X ψ h is the flow that can be expressed by (8) :
The set of fixed points of this dynamical system on D ψ ⊂ C is found to be
On the other hand the Legendre submanifold A ψ is given by (3). Denoting by Φ CAψ : A ψ → C an embedding, one has
Thus one arrives at
In what follows h ψ = h(∆ ψ ) is shown to be a Lyapunov function of F ψ . The relation h(∆ ψ ) > 0, on D ψ \ A C ψ , will be used. Since
the function h ψ is a Lyapunov function [15] . Thus according to the stability theorem of Lyapunov,
ψ is a set of asymptotically stable fixed points. 
whose integral curve passing through (x J (0), p J (0), z(0)) ∈ C is explicitly expressed as
In terms of the introduced abbreviations (x
ψ the above expressions are written as
Notice that the constant γ can be interpreted as a characteristic time for a relaxation process. Remark 4.7. The idea of this proof can be viewed as a generalized one of the theorem in [8] .
There is the following theorem being a counterpart of Theorem 4.1.
Theorem 4.2. (Relaxation process in terms of contact Hamiltonian vector field 2)
: Let (C, λ) be a (2n+1)-dimensional contact manifold, I the index set I = {1, . . . , n}, (x I , p I , z) the canonical coordinates such that λ = dz − p a dx a with x I = {x 1 , . . . , x n } and p I = {p 1 , . . . , p n }, ϕ ∈ ΓΛ 0 C a function of p I only, and A ϕ the Legendre submanifold generated by ϕ.
Then integral curves of the contact vector field associated to h ϕ on D ϕ connect points of D ϕ and those of A ϕ . Thus the integral curves can be relaxation processes (See Definition 2.13).
Proof. The contact Hamiltonian vector field X ϕ h is the flow that can be expressed by (8) :
The set of fixed points of this dynamical system on D ϕ ⊂ C is found to be
On the other hand the Legendre submanifold A ϕ is given by (3) . Denoting by Φ CAϕ : A ϕ → C an embedding, one has
the function h ϕ is a Lyapunov function [15] . Thus according to the stability theorem of Lyapunov,
ϕ is a set of asymptotically stable fixed points. Remark 4.8. Observe that lim t→∞ ∆ ϕ (x I (t), p I (t), z(t)) = 0, and lim 
In terms of the introduced abbreviations (x
Notice that the constant γ can be interpreted as a characteristic time for a relaxation process.
Remark 4.13. Choosing ϕ ≡ 0, and h(∆ ϕ ) = γ∆ ϕ with γ > 0, one has the vector field discussed in [7] . The authors of that paper gave the interpretation of their particular vector field as "near-equilibrium process."
Characterization of relaxation process in terms of the Mrugala metric tensor field
Once a metric tensor field on a manifold is introduced one can retrieve more information about vector fields. In this section it is shown that some relations between the contact Hamiltonian vector fields discussed in the previous section and tangent vector fields on Legendre submanifolds.
Mrugala metric tensor field
In this subsection a well-known metric tensor field is introduced and its basic mathematical features are summarized.
The following metric tensor field on a contact manifold has been often used in the context of geometric thermodynamics.
Definition 5.1. (Mrugala metric tensor field, [12] ) : Let (C, λ) be a (2n + 1)-dimensional contact manifold, and (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }. The metric tensor field G ∈ ΓT ⊗ dp a + λ ⊗ λ, where dx a s ⊗ dp a := 1 2 dx a ⊗ dp a + 1 2 dp a ⊗ dx a ,
is referred to as the Mrugala metric tensor field.
Remark 5.1. This metric tensor field is pseudo-Riemannian.
Remark 5.2. The factor 1/2 in (13) is important when comparing the Fisher metric tensor field used in information geometry. Detailed studies on this metric tensor field are found in [16] , [17] , and [14] .
Theorem 5.1. (Killing vector field, [16] ) : Let (C, λ) be a contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, and G the Mrugala metric tensor field. Then the vector fields
are Killing.
Proof. It follows from straightforward calculations that L R G = 0, L A a G = 0, and L Ba G = 0 for all a.
Definition 5.2. (Metric dual)
: Let (C, λ) be a contact manifold, G the Mrugala metric tensor field defined in (13) , and Z an arbitrary vector field. Then the one-form
is referred to as the metric dual of Z.
Theorem 5.2. (Geodesics for the pseudo-Riemannian manifold) : Let (C, λ) be a contact manifold, G the Mrugala metric tensor field, and ∇ the Levi-Civita connection derived from G. Then the Reeb vector field R gives geodesics.
Proof. It follows from
that
where we have used (2) and the formula
for arbitrary X ∈ ΓT C. With this equation and the property that the Levi-Civita connection is a type of metric-compatible connection, one concludes that
from which R gives geodesics.
One of the reasons why the Mrugala metric tensor field is often used in the literature is the following.
Theorem 5.3. (Pull-back of the Mrugala metric tensor field on a Legendre submanifold) : Let (C, λ) be a (2n+ 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, ϕ ∈ ΓΛ 0 C a strictly convex function of p only, A ψ and A ϕ the Legendre submanifolds generated by ψ and ϕ, Φ CAψ : A ψ → C and Φ CAϕ : A ϕ → C embeddings, and G the Mrugala metric tensor field (13) . Then (A ψ , Φ * CAψ G) and (A ϕ , Φ * CAϕ G) are identical to the n-dimensional Riemannian manifolds (A ψ , g Aψ ) and (A ϕ , g Aϕ ) given in Theorem 3.1, respectively.
Proof. It follows that
⊗ dp a = Φ * CAψ
⊗ dp a = Φ * CAϕ
Relations between lower dimensional manifolds and contact Hamiltonian functions
In this subsection control manifold, lower-dimensional manifold in a contact manifold introduced in [14] , is defined. Then the characterization of the pull-back of ∆ ψ in Theorem 4.1 to a control manifold and that of ∆ ϕ in Theorem 4.2 are given.
Definition 5.3. (Control manifold, [14] ) : Let (C, λ) be a (2n + 1)-dimensional manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, and ϕ ∈ ΓΛ 0 C a strictly convex function of p only. Define (n + 1)-dimensional manifolds B ψ and B ϕ such that
respectively, where Φ CBψ : B ψ → C and Φ CBϕ : B ϕ → C are embeddings. They are referred to as control manifolds.
Postulate 5.1. In this paper we assume that B ψ and B ϕ are submanifolds of a contact manifold (C, λ).
On B ψ and B ϕ , the induced metric tensor fields and vector fields giving geodesics are calculated as follows.
Lemma 5.1. Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, ϕ ∈ ΓΛ 0 C a strictly convex function of p only, B ψ and B ϕ the (n + 1)-dimensional submanifolds defined such that (17) and (18), respectively, and G the Mrugala metric tensor field (13) . Then the induced metric tensor fields G Bψ := Φ * CBψ G and G Bϕ := Φ * CBϕ G with Φ CBψ : B ψ → C and Φ CBϕ : B ϕ → C being embeddings are calculated to be
In addition, it follows that ∇ Bψ R ψ R ψ = 0, and ∇
Bϕ
Rϕ R ϕ = 0, where R ψ := ∂/∂z ∈ ΓT B ψ , R ϕ := ∂/∂z ∈ ΓT B ϕ , ∇ Bψ and ∇ Bϕ are the Levi-Civita connections uniquely determined by G Bψ and G Bϕ , respectively.
Proof. It is straightforward to show the explicit forms of G Bψ , G Bϕ , λ Bψ , and λ Bϕ . To show ∇ Bψ R ψ R ψ = 0, and ∇
Rϕ R ϕ = 0, one uses (15) , and the fact that the Levi-Civita connection is a type of metric compatible connection.
On control manifolds and Legendre submanifolds embedded in a contact manifold, one has the following theorem.
Theorem 5.4. Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz−p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, ϕ ∈ ΓΛ 0 C a strictly convex function of p only, A ψ and A ϕ the Legendre submanifolds generated by ψ and ϕ, respectively, Φ CAψ :
Bϕ given by (13) , (17), (18), (19) , (20), (21).
ΦCBϕ x xC A ψ
Φ * CAϕ
% % ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
Proof. It follows from Theorem 5.3 that the diagrams relating (0, g Aψ ), (0, g Aϕ ), and (λ, G) hold. For the diagram between (λ Bψ , G Bψ ) and (0, g Aψ ), and that between (λ Bϕ , G Bϕ ) and (0, g Aϕ ), it follows from Φ * BAψ λ Bψ = 0, Φ * BAϕ λ Bϕ = 0, and Lemma 5.1 that
Then one has the following theorem for providing an equation on a control manifold for the pull-back of an element of the contact Hamiltonian given in Theorem 4.1.
. . , x n } and p J = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, B ψ the control manifold such that (17) , and G the Mrugala metric tensor field (13) 
( See Appendix for a proof ). Define λ Bψ := Φ * CBψ λ and G Bψ := Φ * CBψ G, whose local expressions have been given in (21) and (19) . Observe that R ψ = ∂/∂z ∈ ΓT B ψ is a Killing vector field :
and that
and substituting these into (22), one completes the proof.
Remark 5.3. It is straightforward to show that
There is a counterpart of this theorem as follows.
Theorem 5.6. (Harmonic function on control manifold 2) : Let (C, λ) be a (2n+ 1)-dimensional contact manifold, I the index set I = {1, . . . , n}, (x I , p I , z) the canonical coordinates such that λ = dz − p a dx a with x I = {x 1 , . . . , x n } and p I = {p 1 , . . . , p n }, ϕ ∈ ΓΛ 0 C a strictly convex function of p I only, B ϕ the control manifold such that (18) , and G the Mrugala metric tensor field (13) . Define ∆ Bϕ ∈ ΓΛ 0 B ϕ to be 
Remark 5.4. It is straightforward to show that
A physical meaning of Theorem 5.5 and that of Theorem 5.6 are not known so far. However, since the Laplace equation plays a role in physics in general, it is expected that implications of these theorems will be found in the study of nonequilibrium thermodynamics.
Tangent vector fields of Legendre submanifolds
Tangent vector fields on Legendre submanifolds are calculated in this subsection. These vector fields physically represent quasi-stationary processes. The resultant calculations here will be used in the next subsection to characterize the relaxation processes.
Theorem 5.7. (Tangent vector field of Legendre submanifold 1) : Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ψ ∈ ΓΛ 0 C a strictly convex function of x only, and A ψ the Legendre submanifold defined in (4) . Define the tangent space T x A ψ , ( x ∈ A ψ ) as 
Every vector field Y ∈ T x A ψ , is then of the form
Proof. In general Y ∈ T ξ C can be written as
Substituting this form into the (n + 1) conditions one has constraints forẋ j ,ṗ j andż :
where we have used (4). Thusż and {ṗ j } are written in terms of {ẋ j }. Substituting these equations one has
Remark 5.5. It follows that
Remark 5.6. The expression for T x A ψ may be equivalent to the one in discussed in [13] T
Theorem 5.8. (Tangent vector field of Legendre submanifold 2) : Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = {x 1 , . . . , x n } and p = {p 1 , . . . , p n }, ϕ ∈ ΓΛ 0 C a strictly convex function of p only, and A ϕ the Legendre submanifold defined in (5) . Define the tangent space T p A ϕ , (p ∈ A ϕ ) as 
Every vector field Y ∈ T p A ϕ , (p ∈ C) is then of the form
Proof. In general Y ∈ T ξ C, (ξ ∈ C) can be written as
Substituting this form into the (n + 1) conditions one has constraints forẋ i ,ṗ i andż :
Thusż and {ẋ i } are written in terms of {ṗ i }. Substituting these equations one has 
Calculations of inner product of quasi-static process and relaxation process
Given a metric tensor field on a contact manifold one is able to calculate inner products of given two vector fields. In this subsection such inner products are calculated for various vector fields including {Y ψ j } given in (23) and X ψ h given in (10) . In addition inner products are calculated for vector fields including {Y i ϕ } given in (24) and X ϕ h given in (12) . To give geometric characterization of the introduced contact Hamiltonian system one introduces the normalized vector fields follows. 
is referred to as the normalized vector field of X 
In addition, one has
Proof. These relations are verified by straightforward calculations. From the expression of X ψ h given by (10) , that of Y ψ j given by (23), and that of λ one has dp
∂ψ ∂x j − p j . These equations and (14) are to be used in the following calculations. Substituting these equations into G and Y ψ a one has
To calculate ∇ U ψ h R ♯ ∈ ΓΛ 1 C with R being Killing L R G = 0 one uses the formula
where K is a Killing vector field L K G = 0, and Z arbitrary vector field. A proof of this formula is given in Appendix. Applying this formula with K = R, K ♯ = R ♯ = λ, and Z = U ψ h , one has
One calculates
on A ψ due to (4). It then follows that
Remark 5.9. It has been shown from (16) that the Reeb vector field R gives geodesics and it can be shown that integral curves of X ψ h are not geodesics. Remark 5.10. It follows from the conditions for h ψ on D ψ , one has the expansion h(∆ ψ ) = γ 1 ∆ ψ + γ 2 ∆ 2 ψ + · · · with γ 1 > 0 and some γ 2 . Thus the term
is divergent on the attractor where it follows that ∆ ψ = 0.
Remark 5.11. The norm X ψ h becomes smaller as approaching to the Legendre submanifold A ψ . Thus to discuss geometry involving the contact Hamiltonian system around A ψ an appropriate vector field is U ψ h , rather than X ψ h . In addition, one has the following. : Let (C, λ) be a (2n + 1)-dimensional contact manifold, (x, p, z) the canonical coordinates such that λ = dz − p a dx a with x = x I = {x 1 , . . . , x n } and p = p I = {p 1 , . . . , p n }, R the Reeb vector field, ϕ ∈ ΓΛ 0 C a strictly convex function of p only, A ϕ the Legendre submanifold generated by ϕ, h ϕ and X ϕ h a contact Hamiltonian and its contact Hamiltonian vector field stated in Theorem 4.2, U ϕ h the normalized vector field defined in (27), G the Mrugala metric tensor field (13) , and ∇ the Levi-Civita connection uniquely determined by G. Furthermore let {Y i ϕ } be the basis given by (24). Then it follows that
On A ϕ one has
Proof. These relations are verified by straightforward calculations. From the expression of X ϕ h given by (12) , that of Y i ϕ given by (24), and that of λ one has dp k (X To calculate ∇ U ϕ h R ♯ ∈ ΓΛ 1 C one uses the formula (26). Applying this with K = R, K ♯ = λ, and Z = U ϕ h , one has
− dp i ∧ dx i = 1 2ẋ
i h dp i = 1 2 
One calculates

G(U
Concluding remarks
This paper offers a view point that a class of relaxation processes can be treated as contact Hamiltonian vector fields on a contact manifold. Some relations associated with these vector fields on subsets of the contact manifold, including control manifolds and Legendre submanifolds, have been given. Throughout this paper Legendre structure has explicitly been stated outside Legendre submanifolds, which we feel important since Legendre structure is usually discussed at equilibrium states, and how it is important at nonequilibrium states should be clarified.
There are numbers of extensions that follow from this work. One of such a future work is to give physical meanings of our theorems. More precisely, if a contact Hamiltonian is derived from a microscopic dynamical model, then the meaning of such a contact Hamiltonian becomes clear. In connection with other forms of the geometrization of nonequilibrium statistical mechanics, it is interesting to see a relation between this work and the one in [18] . In addition to these, it is important to elucidate a link between our methodology and that of [19] where a relaxation process of a nonlinear diffusion equation was analyzed by introducing a statistical manifold to describe relaxed states and a higher dimensional manifold to describe nonequilibrium states. Although it is expected that the higher dimensional manifold used in [19] can express much wider class of nonequilibrium processes than that of this paper, the limitations of the both approaches for expressing nonequilibrium processes are not known. We believe that the elucidation of these remaining questions will develop the theory of geometric nonequilibrium thermodynamics.
A.1 Derivation of the formula (22)
In what follows the formula (22)
with f ∈ ΓΛ 0 M being such that df = g(K, −), is proved.
Proof. It follows for a q-form α that
where η ab is such that η ac η cb = δ b a . Combining these two equations one has for a one-form α
Substituting α = g(K, −) =: K ♯ ∈ ΓΛ 1 M into the above equation one has
The right hand side can be written as
where we have used η ab = η ba and the Killing equation
for arbitrary Y, Z ∈ ΓT M. Thus
In the special case where K ♯ = df with f ∈ ΓΛ 0 M, one immediately has
A.2 Derivation of the formula (26)
In what follows (26)
with Z ∈ ΓT M being an arbitrary vector field, is proved.
Proof. Decompose Z in terms of the basis {X a } as
where {Z a } is a set of functions. It follows for arbitrary vector fields Y and Z that
From these equations one has
Applying the Killing equation
